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Abstract
We determine, by hierarchy, dependencies between higher order linear symmetries which
occur when generating them using recursion operators. Thus, we deduce a formula which gives
the number of independent generalized symmetries (basis) of several orders. We construct a
basis for conservation laws (with respect to the group admitted by the system of differential
equation) and hence generate infinite conservation laws in each equivalence class.
1 Introduction
Generalized symmetries have been shown to be important in the study of nonlinear wave equations.
The possession of infinite number of such symmetries has a bearing on integrability. Completely
integrable nonlinear partial differential equations (PDEs) have a rich structure. For example, they
have infinitely many conservation laws of increasing order. These PDEs have a Lax pair, they can
also be solved with the inverse scattering transform and admit soliton solutions of any order [1, 2].
Supersymmetries are interpretable as generalized symmetries [3].
There are two approaches for finding generalized symmetries. The first involves the usage of the
invariance condition. This method is essentially the same as the one used to find Lie symmetries
although the intervening calculations usually are far more complicated as we are adding derivatives
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of the relevant dependent variables in the infinitesimals. A second approach is the use of recursion
operators which will generate infinite families of symmetries at once.
Let
∆(x, u(α)) = 0 (1.1)
be a system of differential equations withm dependent variables u = (u1, ..., um) and n independent
variables x = (x1, ..., xn). The notation u(α) stands for all derivatives of u with respect to x with
order no greater than α.
The following can be found in [4, 5, 6, 7]
Definition 1.1 Consider a system of differential equations given by (1.1). A recursion operator
for ∆ is a linear operator R in the space of differential functions with the property that whenever
VQ is an evolutionary symmetry of ∆, so is VQ˜ with Q˜ = RQ
Alot of work appears in the literature on recursion operators, symmetries and differential equations
[8, 9, 10]. In [11], the author provided an approach for constructing all recursion operators for a
given linear system of differential equation.
Proposition 1.1 Consider the system (1.1), with ∆ denoting a linear differential operator. A
second linear operator R not depending on u or its derivatives is a recursion operator for ∆ if and
only if Q = R[u] is a characteristic of a linear generalized symmetry to the system.
Even if it becomes easy to compute all generalized symmetries once the recursion operators are
known for a system of differential equations, there are dependencies among the resulting symmetries
stemming from the relation among operators. For example, the two-dimensional wave equation
utt = uxx + uyy
has ten recursion operators [4]. In [12, 13], the authors proved that there are
(2k + 1)(2k + 2)(2k + 2)
6
k-th order independent symmetries generated by these recursion operators.
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Definition 1.2 A conservation law of the system (1.1) is a divergence expression Div T = DiT
i
which vanishes for all solutions of (1.1) i.e
Div T |∆=0 = 0. The n-tuple T = (T
1, ..., T n) is called a conserved vector of this conservation
law, Di = Dxi is the total differentiation with respect to the variable xi, and T
i are differential
functions.
We have the conservation laws in differential forms as follow
Definition 1.3 The differential form (n− 1)-form
ω = T i(x, u(r))∂xiy(dx1 ∧ ... ∧ dxn) is called conserved form of (1.1) if
Dω = 0
is satisfied on the manifold in the space of variables defined by the system (1.1)
Definition 1.4 Two conserved vectors T and T ′ are called equivalent if the vector function T −T ′
is a trivial conserved vector
Proposition 1.2 Any point transformation g maps a class of equations in the conserved form into
itself.
Let g : x¯ = xg(x, u), u¯ = ug(x, u) be a point transformation of the system (1.1). The prolongation
to the jet space of g transforms the vector in conserved form as follow
T ig(x¯, u¯(r)) =
Dxj x¯i
|Dxx¯|
T j(x, u(r)), or
T¯ ≡ Tg(x¯, u¯(r)) =
1
|Dxx¯|
(Dxx¯)T (x, u(r)) (1.2)
Definition 1.5 Two conservation laws T and T¯ are equivalent with respect to the group of trans-
formation G if there exist a transformation g ∈ G such that T and T¯ ≡ Tg are equivalent in the
sense of Definition 1.4
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Once a conservation law is known, we can generate new conservation laws using the infinitesimal
generators X = ξi∂i + η
µ∂uµ corresponding to the system (1.1). In fact differentiating (1.2) with
respect to the parameter ǫ and taking the value ǫ = 0 we get see ( [14])
T¯ i = −XT i + (Djξ
i)T j − (Djξ
j)T i (1.3)
A similar formula for symmetry in characteristic form (ξi = 0) was known earlier [4, 15]. It has
been used by various authors [5, 16] to find basis of conservation law, i.e a set which generates a
whole set of conservation law by action of generalized symmetry operator and operation of linear
combination.
Theorem 1.1 Let ad Y (X) = Z (ad Y (X) = [X,Y ].)such that Y is associated with the conserved
vector T of (1.1). Then T¯ given by (1.3) is trivial conserved vector if Z = bY , for any constant b.
Theorem 1.2 Suppose that
X = ξi∂xi + η
α∂uα + ζ
α
i ∂uαi + ζ
α
i1i2
∂uα
i1i2
+ ...
where the coefficient are given by
ζαi = Di(η
α)− uαjDi(ξ
j)
ζαi1...is = Dis(ζ
α
i1...is−1
)− uαji1...is−1Dis(ξ
j), s > 1,
is a Lie-Ba¨cklund operator of the system (1.1) such that the conserved form ω of a system (1.1) is
invariant under X. Then
XT i − (Djξ
i)T j + (Djξ
j)T i = 0 (1.4)
Here Di is the total derivative operator.
In this work, we are interested in the 3-dimensional diffusion equation
Ut = Uxx + Uyy + Uzz. (1.5)
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In the second section, we compute the Lie-point symmetry generators of (1.5). By Proposition 1.1,
we can deduce the recursion operators for (1.5). We construct dependencies which occur among
operators by hierarchy meaning that we start by first order, second, third, ... and dependencies in
k-th order are constructed using dependencies in (k−1)-th order. We generalize our method to any
order n and find the number of independent symmetries generated by these recursion operators.
In the third section, even though it is cumbersome, we construct the basis of all generalized
symmetries (first, second and third order) using the invariance condition and compare the results
with those in the first section.
In the fourth section, we construct the basis of conservation laws for the equation (1.5). By applying
the generalized symmetries found in previous Section, we can generate infinite conservation laws.
2 Generalized symmetries using recursion operators.
In this Section, we construct the basis for the generalized symmetries of several orders using
recursion operators.
2.1 First order symmetries
The Lie algebra of point symmetry generators with basis (Lie symmetries) of (1.5) is given by
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X1 = 2t∂x − Ux∂U
X2 = 2t∂y − Uy∂U
X3 = 2t∂z − Uz∂U
X4 = −x∂y + y∂x
X5 = −x∂z + z∂y
X6 = ∂x
X7 = −y∂z + z∂y
X8 = ∂y
X9 = ∂z
X10 = U∂U
X11 = ∂t
X12 = 2t∂t + x∂x + y∂y + z∂z
X13 = 4t
2∂t + 4tx∂x + 4ty∂y + 4tz∂z − u(6t+ x
2 + y2 + z2)∂U
(2.6)
and the indefinite generator of symmetry
X14 = f1(x, y, z, t)∂U
where the function f1 satisfies f1,t − f1,xx − f1,yyf1,zz = 0
(2.6) forms a Lie algebra with the following commutators
[X1,X4] = −X2, [X2,X8] = X10, [X4,X5] = X7, [X5,X6] = X9,
[X1,X5] = −X3, [X3,X5] = X1, [X4,X6] = X8, [X5,X7] = X4,
[X1,X6] = X10, [X3,X7] = X2, [X4,X7] = −X5, [X5,X9] = −X6,
[X1,X11] = −2X6, [X2,X11] = −2X8, [X3,X11] = −2X9, [X6,X12] = X6,
[X1,X12] = −X1, [X2,X12] = −X2, [X3,X12] = −X3, [X6,X13] = 2X1,
[X2,X4] = X1, [X3,X9] = X10, [X4,X8] = −X6, [X7,X8] = X9,
[X2,X7] = −X3, [X8,X12] = X8, [X8,X13] = 2X2, [X7,X9] = −X8,
[X9,X12] = X9, [X9,X13] = 2X3, [X11,X12] = 2X11, [X11,X13] = 4X12 − 6X10,
[X12,X13] = 2X13.
(2.7)
all the remaining commutators are zeros. It is important to notice that the first ten generators
X1, ...,X10 form a sub-algebra of the Lie algebra (2.7) which is the following
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[X1,X4] = −X2, [X2,X8] = X10, [X4,X5] = X7, [X5,X6] = X9,
[X1,X5] = −X3, [X3,X5] = X1, [X4,X6] = X8, [X5,X7] = X4,
[X1,X6] = X10, [X3,X7] = X2, [X4,X7] = −X5, [X5,X9] = −X6,
[X2,X4] = X1, [X3,X9] = X10, [X4,X8] = −X6, [X7,X8] = X9,
[X2,X7] = −X3, [X7,X9] = −X8,
(2.8)
Among all the generalized symmetries vector fields, we are interested in evolutionary vector field
which are given by
VQ = Q[U ]∂U
where [U] is includes the basis, fibre and jet variables that the characteristic Q depends on.
From (2.6), and with the usage of Proposition 1.1, we see that they are nine recursion operators,
namely
R1 = 2t∂x + x
R2 = 2t∂y + y
R3 = 2t∂z + z
R4 = −x∂y + y∂x
R5 = −x∂z + z∂x
R6 = ∂x
R7 = −y∂z + z∂y
R8 = ∂y
R9 = ∂z
(2.9)
Hence, every first order generalized symmetry has as its characteristicQ a linear constant coefficient
combination of the following ten independent ”basic” characteristic
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Q0 = U
Q11 = 2tUx + xU
Q12 = 2tUy + yU
Q13 = 2tUz + zU
Q14 = −xUy + yUx
Q15 = −xUz + zUy
Q16 = Ux
Q17 = −yUz + zUy
Q18 = Uy
Q19 = Uz
(2.10)
obtained by applying successively the recursion operators in (2.9) on Q0 = U ; i.e
Q11 = R1[U ], Q
1
2 = R2[U ], ...,Q
1
9 = R9[U ]
Note* : If there is no confusion we will omit [U ] in our notation and use Ri instead of Ri[U ] for
these characteristics.
2.2 Second order symmetries
We need to construct the basis ”characteristics” of all second order generalized symmetries using
the recursion operators. Basically it is comprised of the ten first order ”basic characteristic” plus
all second order combination with repetitions RiRj with i, j = 1...9 and i ≤ j
Note that we don’t need to compute the cases i > j because of the relations in (2.8)
The total number of the all second order combinations with repetition obtained with 9 recursion
operators is 45 i.e 
9 + 2− 1
2

 = 10!
8!2!
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It is turns out that some of the first order characteristics can be expressed in terms of the second
order ones as follow
R4 = −R1R8 + R2R6
R5 = −R1R9 + R3R6
R7 = −R2R9 + R3R8
(2.11)
There is also two dependencies between symmetries generated by the second order combinations
of the recursion operators:
R3R4 = R2R5 −R1R7
R6R7 = R5R8 −R4R9
(2.12)
We need to take out these dependencies. Hence, every second order generalized symmetry has as
its characteristic Q a linear constant coefficient combination of (45 + 10 − 5 = 50) fifty ”basic”
characteristic
R1, R1R1,
R2, R1R2, R2R2,
R3, R1R3, R2R3, R3R3,
R1R4, R2R4, R4R4,
R1R5, R2R5, R3R5, R4R5, R5R5,
R6, R1R6, R2R6, R3R6, R4R6, R5R6, R6R6,
R1R7, R2R7, R3R7, R4R7, R5R7, R7R7,
R8, R1R8, R2R8, R3R8, R4R8, R5R8, R6R8, R7R8, R8R8,
R9, R1R9, R2R9, R3R9, R4R9, R5R9, R6R9, R7R9, R8R9, R9R9.
(2.13)
plus the characteristic Q0
2.3 Third order symmetries
The total number of all third order combinations with repetition RiRjRk where (i ≤ j ≤ k and
i, j, k = 1, ..., 9) is 165 i.e 
9 + 3− 1
3

 = 11!
8!3!
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Basically, the basis of all third order generalized symmetries should include the ”fifty” second order
symmetries plus all third order combinations with repetition .
Now let construct dependencies by hierarchy. We see from (2.11), some of second order character-
istics can be expressed in terms third order ones or combinations of second and third order. We
got the following 22 dependencies
R1R4 = −R1R1R8 + R1R2R6, R4R4 = −R1R4R8 + R2R4R6 −R2R8 −R1R6
R2R4 = −R1R2R8 + R2R2R6, R4R5 = −R1R5R8 + R2R5R6 −R2R9
R4R6 = −R1R6R8 + R2R6R6, R4R8 = −R1R8R8 + R2R6R8
R4R9 = −R1R8R9 + R2R6R9, R1R5 = −R1R1R9 + R1R3R6
R2R5 = −R1R2R9 + R2R3R6, R3R5 = −R1R3R9 + R3R3R6
R5R5 = −R1R5R9 −R3R9 + R3R5R6 −R1R6, R5R6 = −R1R6R9 + R3R6R6
R5R7 = −R1R7R9 −R1R8 + R3R6R7, R5R8 = −R1R8R9 + R3R6R6
R5R9 = −R1R9R9 + R3R6R9, R1R7 = −R1R2R9 + R1R3R8
R2R7 = −R2R2R9 + R2R3R8, R3R7 = −R2R3R9 + R3R3R8
R4R7 = −R2R4R9 + R1R9 + R3R4R8, R7R7 = −R2R7R9 + R3R7R8 −R3R9 −R2R8
R7R8 = −R2R8R9 + R3R8R8, R7R9 = −R2R9R9 + R3R8R9
(2.14)
and from (2.12) we got the following 18 dependencies between the third order characteristics
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R1R3R4 = R1R2R5 −R1R1R7, R3R4R4 = R2R4R5 + R2R2R9 −R2R3R8 −R1R4R7
+R1R1R9 + R1R3R6
R2R3R4 = R2R2R5 −R1R2R7, R3R4R6 = R2R5R6 −R1R5R8 + R1R4R9
R3R3R4 = R2R3R5 −R1R3R7, R3R4R5 = R2R5R5 −R1R5R7 −R1R1R8 + R1R2R6
R3R4R7 = R2R5R7 −R1R7R7, R3R4R8 = R2R5R8 −R1R7R8
R3R4R9 = R2R5R9 −R1R7R9, R1R6R7 = R1R5R8 −R1R4R9
R2R6R7 = R2R5R8 −R2R4R9, R3R6R7 = R3R5R8 −R2R5R9 + R1R7R9
R4R6R7 = R4R5R8 −R4R4R9, R5R6R7 = R5R5R8 −R4R5R9 −R2R9R9 + R3R8R9
R6R6R7 = R5R6R8 −R4R6R9, R6R7R7 = R5R7R8 −R1R9R9 −R3R6R9 −R4R7R9
−R1R8R8 −R2R6R9
R6R7R8 = R5R8R8 −R4R8R9, R6R7R9 = R5R8R9 −R4R9R9
(2.15)
Total number of dependencies is 18+22=40. We will deduce this number to get the exact number
of non independent third order characteristic.
Hence, every third order generalized symmetry has its characteristic which is a linear constant
coefficient combination of (165 + 50− 40 = 175) hundred and seventy-five ”basic” characteristic.
2.4 Fourth order symmetries
The total number of all fourth order combinations with repetition constructed with nine recursion
operators is 495 i.e

9 + 4− 1
4


The basis of the fourth order generalized symmetries is included those fourth order combinations
plus the 175 third order symmetries.
Let now construct dependencies by hierarchy. From relations (2.14) we got 91 dependencies , and
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from (2.15) we got 89. We will deduce those dependencies to obtain the exact number for the
basis.
Hence, every fourth order generalized symmetry has characteristic which is a linear constant coeffi-
cient combination of (495+175− (91+89) = 490) four hundred and ninety. ”basic” characteristic.
2.5 Generalization
We have seen that, for a given order n, there are two kinds of dependencies:
- between n-th order symmetries ,
- between n-th order and (n− 1)-th order symmetries.
•For the second order, we have 5 dependencies
2 and 3
• For the third order, we have 40 dependencies
18 = 2

9 + 1− 1
1


and
22 = 3

9 + 1− 1
1

− (2(1 + 0) + 2(1− 0) + 1)
• For the fourth order, we have 180 dependencies
89 = 2

9 + 2− 1
2

− 1
and
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91 = 3

9 + 2− 1
2

− (2(9 + 1) + 1 + 1 + 2(9− (1 + 1)) + 9− 1)
• For the fifth order, we have 601 dependencies
321 = 2

9 + 3− 1
3

− 9
and
280 = 3

9 + 3− 1
3

− 2(45 + (9− 1) + 9 + 9 + 2(45− (9 + 8)) + (45− (9 + 1)))
• For the sixth order, we have 1659 dependencies
945 = 22

9 + 4− 1
4

− 45
and
714 = 32

9 + 4− 1
4

−(2(165+(45−9))+45+(45−1)+2(165−(45+(45−9)))+165−(45+(9−1)))
For each order k we have
2

9 + k − 2− 1
k − 2

−

9 + k − 4− 1
k − 4

 = 2

k + 6
k − 2

−

k + 4
k − 4


=

k + 7
k − 1

+

k + 6
k − 1

− 3

k + 5
k − 1

+

k + 4
k − 1


=

k + 8
k

− 4

k + 6
k

+ 4

k + 5
k

 −

k + 4
k


(2.16)
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dependencies between k-th order symmetries generated by the 9 recursion operators and
3

k + 7
k − 1

− 5

k + 6
k − 2

+

k + 5
k − 3

+

k + 4
k − 4

 = 4

k + 5
k − 1

−

k + 4
k − 1


= 4

k + 6
k

− 5

k + 5
k

+

k + 4
k


(2.17)
dependencies between (k − 1) and k order symmetries
For a given order n, the number N of independent symmetries generated by the recursion operator
is
N =
n∑
k=0

9 + k − 1
k

−
n−1∑
k=0

4

k + 6
k

− 5

k + 5
k

+

k + 4
k




−
n∑
k=0



k + 8
k

− 4

k + 6
k

+ 4

k + 5
k

−

k + 4
k




= −
n−1∑
k=0

4

k + 6
k

− 5

k + 5
k

+

k + 4
k




−
n∑
k=0

−4

k + 6
k

+ 4

k + 5
k

−

k + 4
k




(2.18)
We know that
n∑
k=0

k + r
k

 =

n+ r + 1
r + 1


(2.18) becomes
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N = −4

n+ 6
7

+ 5

n+ 5
6

−

n+ 4
5

+ 4

n+ 7
7

− 4

n+ 6
6

+

n+ 5
5


= 5

n+ 5
n− 1

+

n+ 4
n


= (n+4)(n+3)
2(n+2)2(n+1)
144
(2.19)
They are (n+4)(n+3)
2(n+2)2(n+1)
144 independents n-th order symmetries generated by these recursion
operators.
For instance,
n = 1⇒ N = 10
n = 2⇒ N = 50
n = 3⇒ N = 175
n = 4⇒ N = 490
In fact there 10 independent first order, 50 independent second order, 175 independent third order
and 490 fourth order independent generalized symmetries.
3 Examples, using invariance condition
In this Section, we construct the basis of the generalized symmetries using the invariance condition.
3.1 First order
We let the characteristic depending on independent, dependent variables and their first order
derivatives. Q = Q(x, y, z, t, U, Ux, Uy, Uz)
we dont include Ut to exclude dependency. Wherever it appears it is replaced by
Uxx + Uyy + Uzz
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ie
Ut = Uxx + Uyy + Uzz
Utx = Uxxx + Uxyy + Uxzz
...
The invariance condition is
DtQ = D
2
xQ+D
2
yQ+D
2
zQ (3.20)
where the total derivative Dx, Dy, Dz and Dt are given by
Dt =
∂
∂t
+ ut
∂
∂u
+ utt
∂
∂ut
+ utx
∂
∂ux
+ uty
∂
∂uy
+ utz
∂
∂uz
+ uttt
∂
∂utt
+ ...,
Dx =
∂
∂x
+ ux
∂
∂u
+ utx
∂
∂ut
+ uxx
∂
∂ux
+ uxy
∂
∂uy
+ uxz
∂
∂uz
+ uxtt
∂
∂utt
+ ...,
Dy =
∂
∂y
+ uy
∂
∂u
+ uyt
∂
∂ut
+ uyx
∂
∂ux
+ uyy
∂
∂uy
+ uyz
∂
∂uz
+ uytt
∂
∂utt
+ ...,
Dz =
∂
∂z
+ uz
∂
∂u
+ uzt
∂
∂ut
+ uzx
∂
∂ux
+ uzy
∂
∂uy
+ uzz
∂
∂uz
+ uztt
∂
∂utt
+ ...,
(3.21)
Solving the invariance condition (3.20), we got the following set of first order characteristics
Q11 = 2tUx + xU
Q12 = 2tUy + yU
Q13 = 2tUz + zU
Q14 = −xUy + yUx
Q15 = −xUz + zUy
Q16 = Ux
Q17 = −yUz + zUy
Q18 = Uy
Q19 = Uz
Q110 = U
(3.22)
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3.2 Second order
We let the characteristic depending up to second order derivatives,
Q(x, y, z, t, U, Ux, Uy, Uz, Uxx, Uxy, Uxz, Uyy, Uyz, , Uzz)
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Solving the invariance condition (3.20), we got
Q21 = 4t
2Uxx + 4txUx + 2tU + x
2U = R1R1
Q22 = 4t
2(Uyy − Uxx) + 4t(yUy − xUx) + (y
2 − x2)U = −R1R1 + R2R2
Q23 = 4t
2Uxy + 2tyUx + x(2tUy + yU) = R1R2
Q24 = 4t
2Uyz + 2tzUy + y(2tUz + zU) = R2R3
Q25 = 2tyUzz − 2tzUyz − z(zUy − yUz) + yU = R2 −R3R7
Q26 = 4t
2(Uzz − Uxx) + 4t(zUz − xUx) + U(z
2 − x2) = −R1R1 + R3R3
Q27 = 2txUyy − 2tyUxy − y(yUx − xUy) + xU = R1 −R2R4
Q28 = U = R10
Q29 = 2t
2Uxz + 2tzUx + x(2tUz + zU) = R1R3
Q210 = 2tUz + zU = R3
Q211 = −2txUyy + 2tUx + 2tyUxy + y(yUx − xUy) = R2R4
Q212 = 2t(yUxx − yUzz − xUxy + zUyz)− x(xUy − yUx)− z(yUz − zUy) = R1R4 + R3R7
Q213 = −2tUz − 2txUxz + 2tzUxx + xzUx − x
2Uz = R1R5
Q214 = x(Ux − xUyy + 2yUxy)− y(yUxx − yUzz + 2zUyz) + z
2Uyy + 2tUzz = R7R7 −R4R4 + R3R9
Q215 = 2t(xUyy − xUzz − yUxy + zUxz) + x(yUy − zUz)− y
2Ux + z
2Ux = R3R5 −R2R4
Q216 = −2txUyz + 2tzUxy + y(zUx − xUz) = R2R5
Q217 = 2tUxz + zUx = R3R6
Q218 = −xyUzz + xzUyz + yzUxz − z
2Uxy + yUx = −R5R7 −R1R8 + R2R6
Q219 = Ux = R6
Q220 = −2tyUzz + 2tUy + 2tzUyz + z(zUy − yUz) = R3R7
Q221 = −2tUz − 2tyUyz + 2tzUyy + y(zUy − yUz) = R2R7
Q222 = −y
2Uzz + 2yzUyz − z
2Uyy − 2tUzz + yUy = −R7R7 −R3R9
Q223 = −2tyUxz + 2tzUxy − xyUz + xzUy = R1R7
Q224 = xyUzz − xUy − xzUyz − yzUxz + z
2Uxy = R5R7
Q225 = 2tUyz + zUy = R3R8
Q226 = Uy = R8
Q227 = 2tUzz + zUz = R3R9
Q228 = 2tUxz + xUz = R1R9
Q229 = 2tUyz + yUz = R2R9
Q230 = Uz = R9
(3.23)
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Q231 = x(xUyy − 2yUxy) + (y
2 + 2t)Uxx − Uzz(y
2 + 2t) + 2yzUyz − z
2Uyy
= R4R4 −R7R7 + R1R6 −R3R9
Q232 = Uyy(z
2 − x2) + Uzz(x
2 + y2 + 4t) + 2xyUxy − 2xzUxz + Uxx(z
2 − y2)− 2yzUyz
= R3R9 −R4R4 + R7R7 + R5R5
Q233 = x
2Uyz − xyUxz − xzUxy + yzUxx + 2tUyz = R4R5 + R2R9
Q234 = −xUxz + zUxx = R5R6
Q235 = −xUxy + yUxx = R4R6
Q236 = Uxx = R6R6
Q237 = xyUyz − xzUyy − y
2Uxz + yzUxy − 2tUxz = R4R7 −R1R9
Q238 = −xUyy + yUxy = R4R8
Q239 = xyUzz − xzUyz − yzUxz + z
2Uxy + 2tUxy = R5R7 + R1R8
Q240 = −xUyz + zUxy = R5R8
Q241 = Uxy = R6R8
Q242 = −xUzz + zUxz = R5R9
Q243 = −xUyz + yUxz = R4R9
Q244 = Uxz = R6R9
Q245 = y
2Uzz − 2yzUyz + z
2Uyy + 2tUyy + 2tUzz = R7R7 + R3R9 + R2R8
Q246 = −yUyz + zUyy = R7R8
Q247 = Uyy = R8R8
Q248 = −yUzz + zUyz = R7R9
Q249 = Uyz = R8R9
Q250 = Uzz = R9R9
(3.24)
3.3 Third order
We let the characteristic depending up to third order
Q(x, y, z, t, U, Ux, Uy, Uz, Uxx, Uxy, Uxz, Uyy, Uyz, , Uzz, Uxxx, Uxxy, Uxxz, Uxyy, Uxyz, , Uxzz, Uyyy, Uyyz, , Uyzz, Uzzz)
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solving the invariance condition (3.20), we got the following set of characteristic
Q31 = 8t
3Uxxx + 12t
2xUxx + 6tx
2Ux + x
3U + 12t2Ux + 6txU
Q32 = 4t
3Uxxy + 4t
2xUxy + 2t
2yUxx + tx
2Uy + 2txyUx +
(
x2y
2 + ty
)
U + 2t2Uy
Q33 = 4t
3Uxxz + 4t
2xUxz + 2t
2zUxx + tx
2Uz + 2txzUx +
(
x2z
2 + tz
)
U + 2t2Uz
Q34 = 4t
2xUxzz − 4t
2zUxxz + 2tx
2Uzz − 2tz
2Uxx + x
2zUz − xz
2Ux − 2t
2Uxx + 4t
2Uzz + 2tzUz +
x2
2 U + tU
Q35 = −24t
3Uxxy + 8t
3Uyyy − 24t
2xUxy − 12t
2yUxx + 12t
2yUyy − 6tx
2Uy − 12txyUx + 6ty
2Uy − 3x
2yU + y3U
Q36 = 24t
3Uxyy − 8t
3Uxxx + 24t
2yUxy − 12t
2xUxx + 12t
2xUyy − 6tx
2Ux + 12txyUy + 6ty
2Ux + 3xy
2U − x3U
Q37 = 4t
3(Uyyz − Uxxz) + 4t
2(yUyz − xUxz) + 2t
2z(Uyy − Uxx) + t(y
2 − x2)Uz − 2txzUx + 2tyzUy +
(
y2z
2 −
x2z
2
)
U
Q38 = 4t
2(yUyzz − xUxzz) + 4t
2z(Uxxz − Uyyz) + 2t(y
2 − x2)Uzz + 2tz
2(Uxx − Uyy) + xz(zUx − xUz)
+yz(yUz − zUy) + 2t
2(Uxx − Uyy) +
(
y2
2 −
x2
2
)
U
Q39 = 4t
3(Uyzz − Uxxy)− 4t
2(xUxy + yUxx) + 2t
2yUzz + 4t
2zUyz − tx
2Uy − 2txyUx + 2tyzUz + tz
2Uy+
+
(
yz2
2 −
x2y
2
)
U
Q310 = Uxyz + 8t
3Uxyz + 4t
2(xUyz + yUxz + zUxy) + 2txyUz + 2txzUy + 2tyzUx
Q311 = 4t
2yUxxy − 4t
2zUxxy + 4txyUxz − 4txzUxy + x
2yUz − x
2zUy + Uyz + 4t
2Uyz + 4tyUz
Q312 = 4t
2xUxxy − 4t
2yUxxx + 16t
2yUxzz − 16t
2zUxyz + 4tx
2Uxy − 4txyUxx + 8txyUzz − 8txzUyz + 8tyzUxz
−8tz2Uxy + x
3Uy − x
2yUx + 4xyzUz − 4xz
2Uy + Uxy − 4t
2Uxy
Q313 = 4tx(yUxzz − zUxyz) + 4tz(zUxxy − yUxxz) + 2x
2(yUzz − zUyz) + 2xz(zUxy − yUxz) + 4t
2Uxxy + 4tyUzz
−4tzUyz − x
2Uy + Uy
Q314 = −24t
3Uxxz + 8t
3Uzzz − 24t
2xUxz − 12t
2zUxx + 12t
2zUzz − 6tx
2Uz − 12txzUx + 6tz
2Uz +
(
z3 − 3x2z
)
U
Q315 = −8t
3Uxxx + 24t
3Uxzz − 12t
2xUxx + 12t
2xUzz + 24t
2zUxz − 6tx
2Ux + 12txzUz + 6tz
2Ux + (3xz
2 − x3)U
Q316 = −4t
2xUxzz + 4t
2zUxxz − 2tx
2Uzz + 2tz
2Uxx − x
2zUz + xz
2Ux + 2t
2(Uxx − Uzz) +
(
z2
2 −
x2
2
)
U
Q317 = 4t
2(xUxxz − zUxxx) + 4tx(xUxz − zUxx) + x
3Uz − x
2zUx + Uxz + 12t
2Uxz + 8txUz
Q318 = −4t
2Uxxz − 4txUxz − x
2Uz + Uz
Q319 = 4tx(xUxyy − 2yUxxy + 2yUyzz − 2zUyyz) + 4ty
2(Uxxx − 3Uxzz) + 16tyzUxyz − 4tz
2Uxyy + 2x
3Uyy − 4x
2yUxy
+2xy2(Uxx − Uzz) + 8xyzUyz − 6xz
2Uyy − 4y
2zUxz + 4yz
2Uxy + 4t
2(Uxxx − 6Uxzz)− 4t(xUzz + 2zUxz)
−x2Ux + Ux
Q320 = U
Q321 = −2 t
2xUxxy + 2 t
2yUxxx − 6 t
2yUxzz + 6 t
2zUxyz − 2 tx
2Uxy + 2 txyUxx − 3 txyUzz + 3 txzUyz − 3 tyzUxz
+3 tz2Uxy −
1
2 x
3Uy +
1
2 x
2yUx −
3
2 xyzUz +
3
2 xz
2Uy + 2 t
2Uxy + tyUx
Q322 = −2 t
2xUx,x,z + 2 t
2zUx,x,x − 2 tx
2Ux,z + 2 txzUx,x −
1
2x
3Uz +
1
2x
2zUx − 4 t
2Ux,z − 3 txUz + tzUx
Q323 = −2 t
2xUxzz + 2 t
2zUxxz − tx
2Uzz + tz
2Uxx −
1
2 x
2zUz +
1
2 xz
2Ux + 2 t
2Uxx − 2 t
2Uzz + txUx − tzUz
(3.25)
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Q324 = −2 tx
2Uxyy + 4 txyUxxy − 4 txyUyzz + 4 txzUyyz − 2 ty
2Uxxx + 6 ty
2Uxzz − 8 tyzUxyz + 2 tz
2Uxyy − x
3Uyy
+2 x2yUxy − xy
2Uxx + xy
2Uzz − 4 xyzUyz + 3 xz
2Uyy + 2 y
2zUxz − 2 yz
2Uxy − 2 t
2Uxxx + 12 t
2Uxzz
+2 txUzz + 4 tzUxz +
1
2x
2Ux + tUx
Q325 = 2 t
2xUxxy −
2
3 t
2xUyyy − 2 t
2yUxxx +
2
3 t
2yUxyy +
16
3 t
2yUxzz −
16
3 t
2zUxyz + 2 tx
2Uxy − 2 txyUxx −
2
3 txyUyy
+ 83 txyUzz −
8
3 txzUyz +
2
3 ty
2Uxy +
8
3 tyzUxz −
8
3 tz
2Uxy +
1
2 x
3Uy −
1
2x
2yUx −
1
6xy
2Uy +
3
4xyzUz −
3
4xz
2Uy
+ 16y
3Ux
Q326 = −2 t
2xUxyy + 2 t
2xUxzz + 2 t
2yUxxy − 2 t
2yUyzz − 2 t
2zUxxz + 2 t
2zUyyz − tx
2Uyy + tx
2Uzz + ty
2Uxx−
ty2Uzz − tz
2Uxx + tz
2Uyy −
1
2 x
2yUy +
1
2x
2zUz +
1
2xy
2Ux −
1
2 xz
2Ux −
1
2 y
2zUz +
1
2 yz
2Uy
Q327 = 2 t
2xUxxz − 2 t
2xUyyz − 2 t
2zUxxx + 2 t
2zUxyy + 2 tx
2Uxz − 2 txyUyz − 2 txzUx,x + 2 tyzUxy +
1
2 x
3Uz−
1
2 x
2zUx −
1
2 xy
2Uz +
1
2 y
2zUx + 4 t
2Uxz + 2 txUz
Q328 = 2 tx
2Uxyy − 4 txyUxxy + 2 txyUyzz − 2 txzUyyz + 2 ty
2Uxxx − 6 ty
2Uxzz + 10 tyzUxyz − 4 tz
2Uxyy + x
3Uyy
−2 x2yUxy + xy
2Uxx − 2 xy
2Uzz + 5 xyzUyz − 3 xz
2Uyy − y
2zUxz + yz
2Uxy + 2 t
2Uxxx − 2 t
2Uxyy−
12 t2Uxzz − 4 txUzz − 2 tzUxz −
1
2 x
2Ux +
1
2 y
2Ux
Q329 = 2 t
2xUxxy − 2 t
2xUyzz − 2 t
2yUxxx + 6 t
2yUxzz − 4 t
2zUxyz + 2 tx
2Uxy − 2 txyUxx + 2 txyUzz − 4 txzUyz
+4 tyzUxz − 2 tz
2Uxy +
1
2 x
3Uy −
1
2 x
2yUx + xyzUz −
3
2 xz
2Uy +
3
2yz
2Ux
Q330 = −4 t
2xUxyz + 4 t
2zUxxy − 2 tx
2Uyz − 2 txyUxz + 2 txzUxy + 2 tyzUxx − x
2yUz + xyzUx − 4 t
2Uyz − 2 tyUz
Q331 = −2 txyUyyz + 2 txzUyyy + 2 ty
2Uxyz − 2 tyzUxyy − xy
2Uyz + xyzUyy + y
3Uxz − y
2zUxy + 8 t
2Uxyz−
2 txUyz + 8 tyUxz + yzUx
Q332 = −2 tx
2Uyyy + 4 txyUxyy − 10 txyUxzz + 10 txzUxyz − 2 ty
2Uxxy + 2 ty
2Uyzz + 10 tyzUxxz − 4 tyzUyyz−
10 tz2Uxxy + 2 tz
2Uyyy − x
2yUyy − 5 x
2yUzz + 5 x
2zUyz + 2 xy
2Uxy + 5 xyzUxz − 5 xz
2Uxy − y
3Uxx
+y3Uzz − 2 y
2zUyz + yz
2Uyy − 12 t
2Uxxy + 4 t
2Uyzz − 4 tyUzz + 6 tzUyz + 3 xyUx
Q333 = −xy
2Uyzz + 2 xyzUyyz − xz
2Uyyy + y
3Uxzz − 2 y
2zUxyz + yz
2Uxyy − 2 txUyzz + 6 tyUxzz − 4 tzUxyz
+xyUyy − y
2Uxy + yUx
Q334 = 12 t
2xUxxz − 4 t
2xUzzz − 12 t
2zUxxx + 4 t
2zUxzz + 12 tx
2Uxz − 12 txzUxx − 4 txzUzz + 4 tz
2Uxz + 3 x
3Uz
−3 x2zUx − xz
2Uz + z
3Ux + 32 t
2Uxz + 16 txUz
Q335 = 4 tx
2Uxyy − 8 txyUxxy + 8 txyUyzz − 8 txzUyyz + 4 ty
2Uxxx − 12 ty
2Uxzz + 16 tyzUxyz − 4 tz
2Uxyy + 2 x
3Uyy
−4 x2yUxy + 2 xy
2Uxx − 2 xy
2Uzz + 8 xyzUyz − 6 xz
2Uyy − 4 y
2zUxz + 4 yz
2Uxy + 4 t
2Uxxx − 20 t
2Uxzz
−4 txUzz − 4 tzUxz − x
2Ux + z
2Ux
Q336 = −6 tx
2Uyyz + 12 txzUxyy + 6 ty
2Uxxz − 2 ty
2Uzzz − 12 tyzUxxy + 4 tyzUyzz − 2 tz
2Uyyz − 6 x
2yUyz + 3 x
2zUyy
+6 xy2Uxz − 3 y
2zUxx − y
2zUzz + 2 yz
2Uyz − z
3Uyy + 24 t
2Uxxz − 16 t
2Uyyz − 4 t
2Uzzz + 18 txUxz − 8 tyUyz
−2 tzUzz + 3 xzUx
Q337 = 2 txUyyz − 2 tyUxyz + xyUyz − y
2Uxz + zUx
(3.26)
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Q338 = −2 x
2yUyzz + 2 x
2zUyyz + 2 xy
2Uxzz − 2 xz
2Uxyy − 2 y
2zUxxz + 2 yz
2Uxxy + 4 txUxzz − 4 tzUxxz
+x2Uyy − y
2Uxx + y
2Uzz − z
2Uyy + 2 tUzz + xUx
Q339 = Ux
Q340 = −4 t
2yUyzz + 4 t
2zUyyz − 2 ty
2Uzz + 2 tz
2Uyy − y
2zUz + yz
2Uy + 4 t
2Uyy − 4 t
2Uzz + 2 tyUy − 2 tzUz
Q341 = −4 t
2yUxxz + 4 t
2zUxxy − 4 txyUxz + 4 txzUxy − x
2yUz + x
2zUy − 2 tyUz + 2 tzUy
Q342 = −4 t
2yUxzz + 4 t
2zUxyz − 2 txyUzz + 2 txzUyz − 2 tyzUxz + 2 tz
2Uxy − xyzUz + xz
2Uy + 4 t
2Uxy + 2 txUy
Q343 = −4 txyUxzz + 4 txzUxyz + 4 tyzUxxz − 4 tz
2Uxxy − 2 x
2yUzz + 2 x
2zUyz + 2 xyzUxz − 2 xz
2Uxy
−4 t2Uxxy − 4 tyUzz + 4 tzUyz + x
2Uy + 2 tUy
Q344 = 4 t
2yUxxz − 4 t
2yUyyz − 4 t
2zUxxy + 4 t
2zUyyy + 4 txyUxz − 4 txzUxy − 4 ty
2Uyz + 4 tyzUyy + x
2yUz
−x2zUy − y
3Uz + y
2zUy − 8 t
2Uyz − 4 tyUz
Q345 = 4 txyUxzz − 4 txzUxyz − 4 ty
2Uyzz − 4 tyzUxxz + 8 tyzUyyz + 4 tz
2Uxxy − 4 tz
2Uyyy + 2 x
2yUzz
−2 x2zUyz − 2 xyzUxz + 2 xz
2Uxy − 2 y
3Uzz + 4 y
2zUyz − 2 yz
2Uyy + 4 t
2Uxxy − 4 t
2Uyyy − 8 t
2Uyzz
−8 tyUzz + 4 tzUyz − x
2Uy + y
2Uy
Q346 = −4 t
2yUxyz + 4 t
2zUxyy − 2 txyUyz + 2 txzUyy − 2 ty
2Uxz + 2 tyzUxy − xy
2Uz + xyzUy − 4 t
2Uxz − 2 txUz
Q347 = −2 txyUyzz + 2 txzUyyz − 2 ty
2Uxzz + 6 tyzUxyz − 4 tz
2Uxyy − 2 xy
2Uzz + 3 xyzUyz − xz
2Uyy + y
2zUxz
−yz2Uxy − 4 t
2Uxyy − 4 t
2Uxzz − 4 txUzz + 2 tzUxz + xyUy
Q348 = −2 ty
2Uzzz + 4 tyzUyzz − 2 tz
2Uyyz − y
2zUzz + 2 yz
2Uyz − z
3Uyy + 8 t
2Uyyz − 4 t
2Uzzz + 10 tyUyz
−2 tzUzz + 3 yzUy
Q349 = 4 tyUyzz − 4 tzUyyz + y
2Uzz − z
2Uyy + 2 tUzz + yUy
Q350 = 12 t
2yUxxz − 4 t
2yUzzz − 12 t
2zUxxy + 4 t
2zUyzz + 12 txyUxz − 12 txzUxy − 4 tyzUzz + 4 tz
2Uyz + 3 x
2yUz
−3 x2zUy − yz
2Uz + z
3Uy + 8 t
2Uyz + 4 tyUz
Q351 = 4 txyUxzz − 4 txzUxyz − 4 tyzUxxz + 4 tz
2Uxxy + 2 x
2yUzz − 2 x
2zUyz − 2 xyzUxz + 2 xz
2Uxy + 4 t
2Uxxy
+4 t2Uyzz + 4 tyUzz − x
2Uy + z
2Uy
Q352 = −2 txyUyyz + 2 txzUyyy + 2 ty
2Uxyz − 2 tyzUxyy − xy
2Uyz + xyzUyy + y
3Uxz − y
2zUxy + 8 t
2Uxyz+
6 tyUxz + xzUy
Q353 = 2 tyUzzz − 2 tzUyzz + yzUzz − z
2Uyz + zUy
Q354 = −xy
2Uyzz + 2 xyzUyyz − xz
2Uyyy + y
3Uxzz − 2 y
2zUxyz + yz
2Uxyy − 2 txUyzz + 6 tyUxzz − 4 tzUxyz
+xyUyy − y
2Uxy + xUy
Q355 = Uy
Q356 = 4 t
2Uxxz + 4 txUxz + x
2Uz + 2 tUz
Q357 = −4 t
2Uxxz + 4 t
2Uzzz − 4 txUxz + 4 tzUzz − x
2Uz + z
2Uz
(3.27)
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Q358 = 4 t
2Uyzz + 2 tyUzz + 2 tzUyz + yzUz
Q359 = 4 t
2Uxzz + 2 txUzz + 2 tzUxz + xzUz
Q360 = −2 t
2Uxxz + 2 t
2Uyyz − 2 txUxz + 2 tyUyz − 1/2 x
2Uz + 1/2 y
2Uz + 4 tUzz + 2 zUz
Q361 = −4 t
2Uxxz + 4 t
2Uyyz − 4 txUxz + 4 tyUyz − x
2Uz + y
2Uz
Q362 = 4 t
2Uxyz + 2 txUyz + 2 tyUxz + xyUz
Q363 = 2 tyUzzz − 2 tzUyzz + yzUzz − z
2Uyz + yUz
Q364 = 2 txUyyz − 2 tyUxyz + xyUyz − y
2Uxz + xUz
Q365 = Uz
Q366 = 2 tx
2Uxyy − 4 txyUxxy + 4 txyUyzz − 4 txzUyyz + 2 ty
2Uxxx − 6 ty
2Uxzz + 8 tyzUxyz − 2 tz
2Uxyy
+x3Uyy − 2 x
2yUxy + xy
2Uxx − xy
2Uzz + 4 xyzUyz − 3 xz
2Uyy − 2 y
2zUxz + 2 yz
2Uxy + 4 t
2Uxxx
−12 t2Uxzz + 2 txUxx − 2 txUzz − 4 tzUxz
Q367 = −2 tx
2Uxyy + 2 tx
2Uxzz + 4 txyUxxy − 4 txyUyzz − 4 txzUxxz + 4 txzUyyz − 2 ty
2Uxxx + 6 ty
2Uxzz
−8 tyzUxyz + 2 tz
2Uxxx + 2 tz
2Uxyy − x
3Uyy + x
3Uzz + 2 x
2yUxy − 2 x
2zUxz − xy
2Uxx + xy
2Uzz
−4 xyzUyz + xz
2Uxx + 3 xz
2Uyy + 2 y
2zUxz − 2 yz
2Uxy + 16 t
2Uxzz + 8 txUzz
Q368 = 2 tx
2Uxyz − 2 txyUxxz + 2 txyUyyz − 2 txzUxxy − 2 txzUyyy − 2 ty
2Uxyz + 2 tyzUxxx + 2 tyzUxyy
+x3Uyz − x
2yUxz − x
2zUxy + xy
2Uyz + xyzUxx − xyzUyy − y
3Uxz + y
2zUxy + 8 txUyz − 8 tyUxz
Q369 = 3 x
3Uyyz − 6 x
2yUxyz − 3 x
2zUxyy + 3 xy
2Uxxz − xy
2Uzzz + 6 xyzUxxy + 2 xyzUyzz − xz
2Uyyz
−3 y2zUxxx + y
2zUxzz − 2 yz
2Uxyz + z
3Uxyy + 10 txUyyz − 2 txUzzz − 10 tyUxyz + 2 tzUxzz
−3 x2Uxz − 3 xyUyz + 3 xzUxx + 3 y
2Uxz
Q370 = x
3Uyyy − 3 x
2yUxyy + 3 xy
2Uxxy − y
3Uxxx − 3 x
2Uxy + 3 xyUxx − 3 xyUyy + 3 y
2Uxy
Q371 = −x
2Uxyy + 2 xyUxxy + 2 xyUyzz − 2 xzUyyz − y
2Uxxx − y
2Uxzz + z
2Uxyy − 2 tUxzz + xUxx
Q372 = 2 tx
2Uyyy − 4 txyUxyy + 4 txyUxzz − 4 txzUxyz + 2 ty
2Uxxy − 2 ty
2Uyzz − 4 tyzUxxz + 4 tyzUyyz
+4 tz2Uxxy − 2 tz
2Uyyy + x
2yUyy + 2 x
2yUzz − 2 x
2zUyz − 2 xy
2Uxy − 2 xyzUxz + 2 xz
2Uxy + y
3Uxx
−y3Uzz + 2 y
2zUyz − yz
2Uyy + 12 t
2Uxxy − 4 t
2Uyzz + 6 tyUxx − 2 tyUzz
Q373 = 6 tx
2Uyyz − 12 txzUxyy − 6 ty
2Uxxz + 2 ty
2Uzzz + 12 tyzUxxy − 4 tyzUyzz + 2 tz
2Uyyz + 6 x
2yUyz
−3 x2zUyy − 6 xy
2Uxz + 3 y
2zUxx + y
2zUzz − 2 yz
2Uyz + z
3Uyy − 12 t
2Uxxz + 16 t
2Uyyz + 4 t
2Uzzz
−12 txUxz + 8 tyUyz + 6 tzUxx + 2 tzUzz
Q374 = 2 x
2yUyzz − 2 x
2zUyyz − 2 xy
2Uxzz + 2 xz
2Uxyy + 2 y
2zUxxz − 2 yz
2Uxxy − 4 txUxzz + 4 tzUxxz
−x2Uyy + y
2Uxx − y
2Uzz + z
2Uyy + 2 tUxx − 2 tUzz
Q375 = −6 tx
2Uyyz + 2 tx
2Uzzz + 12 txzUxyy − 4 txzUxzz + 6 ty
2Uxxz − 2 ty
2Uzzz − 12 tyzUxxy + 4 tyzUyzz
+2 tz2Uxxz − 2 tz
2Uyyz − 6 x
2yUyz + 3 x
2zUyy + x
2zUzz + 6 xy
2Uxz − 2 xz
2Uxz − 3 y
2zUxx − y
2zUzz
+2 yz2Uyz + z
3Uxx − z
3Uyy + 16 t
2Uxxz − 16 t
2Uyyz + 8 txUxz − 8 tyUyz
(3.28)
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Q376 = −2 tx
2Uyyy + 6 tx
2Uyzz + 4 txyUxyy − 4 txyUxzz − 8 txzUxyz − 2 ty
2Uxxy + 2 ty
2Uyzz + 4 tyzUxxz
−4 tyzUyyz + 2 tz
2Uxxy + 2 tz
2Uyyy − x
2yUyy + x
2yUzz + 2 x
2zUyz + 2 xy
2Uxy − 4 xyzUxz
−2 xz2Uxy − y
3Uxx + y
3Uzz − 2 y
2zUyz + 3 yz
2Uxx + yz
2Uyy + 16 t
2Uyzz + 8 tyUzz
Q377 = −2 x
2yUyzz + 2 x
2zUyyz + 2 xy
2Uxzz − 2 xz
2Uxyy − 2 y
2zUxxz + 2 yz
2Uxxy + x
2Uyy − x
2Uzz − y
2Uxx
+y2Uzz + z
2Uxx − z
2Uyy
Q378 = 3 x
2yUyyz − 3 x
2zUyyy − 6 xy
2Uxyz + 6 xyzUxyy + 3 y
3Uxxz − y
3Uzzz − 3 y
2zUxxy + 3 y
2zUyzz
−3 yz2Uyyz + z
3Uyyy − 24 txUxyz + 24 tyUxxz − 12 tyUzzz + 12 tzUyzz − 3 x
2Uyz + 3 yzUxx−
3 yzUzz + 3 z
2Uyz
Q379 = −x
2Uyyz + 2 xyUxyz − y
2Uxxz + y
2Uzzz − 2 yzUyzz + z
2Uyyz + 2 tUzzz + zUxx
Q380 = −x
2Uyyy + 2 xyUxyy − y
2Uxxy + y
2Uyzz − 2 yzUyyz + z
2Uyyy + 2 tUyzz + yUxx
Q381 = Uxx
Q382 = 2 txyUyzz − 2 txzUyyz − 2 tyzUxyz + 2 tz
2Uxyy + xy
2Uzz − xyzUyz − y
2zUxz + yz
2Uxy + 4 t
2Uxyy
+2 txUzz + 2 tyUxy − 2 tzUxz
Q383 = 2 txyUxzz − 2 txzUxyz − 2 tyzUxxz + 2 tz
2Uxxy + x
2yUzz − x
2zUyz − xyzUxz + xz
2Uxy + 4 t
2Uxxy
+2 txUxy + 2 tyUzz − 2 tzUyz
Q384 = 2 txyUyyz − 2 txzUyyy − 2 ty
2Uxyz + 2 tyzUxyy + xy
2Uyz − xyzUyy − y
3Uxz + y
2zUxy − 4 t
2Uxyz
+2 txUyz − 6 tyUxz + 2 tzUxy
Q385 = xy
2Uyzz − 2 xyzUyyz + xz
2Uyyy − y
3Uxzz + 2 y
2zUxyz − yz
2Uxyy + 2 txUyzz − 6 tyUxzz + 4 tzUxyz
−xyUyy + y
2Uxy + 2 tUxy
Q386 = 6 txyUxyz − 6 txzUxyy − 6 ty
2Uxxz + 2 ty
2Uzzz + 6 tyzUxxy − 4 tyzUyzz + 2 tz
2Uyyz + 3 x
2yUyz
−3 x2zUyy − 3 xy
2Uxz + 3 xyzUxy + y
2zUzz − 2 yz
2Uyz + z
3Uyy − 12 t
2Uxxz + 4 t
2Uyyz + 4 t
2Uzzz
−6 txUxz + 2 tyUyz + 2 tzUzz
Q387 = x
2yUyzz − x
2zUyyz − xy
2Uxzz + xz
2Uxyy + y
2zUxxz − yz
2Uxxy − 2 txUxzz − 2 tyUyzz + 2 tzUxxz
+2 tzUyyz − x
2Uyy + xyUxy − y
2Uzz + z
2Uyy − 2 tUzz
Q388 = 3 x
2yUyyz − 3 x
2zUyyy − 6 xy
2Uxyz + 6 xyzUxyy + 3 y
3Uxxz − y
3Uzzz − 3 y
2zUxxy + 3 y
2zUyzz
−3 yz2Uyyz + z
3Uyyy − 18 txUxyz + 18 tyUxxz − 12 tyUzzz + 12 tzUyzz − 3 x
2Uyz + 3 xzUxy
−3 yzUzz + 3 z
2Uyz
Q389 = −x
2Uyyy + 2 xyUxyy − y
2Uxxy + y
2Uyzz − 2 yzUyyz + z
2Uyyy + 2 tUyzz + xUxy
Q390 = −6 txyUyyz + 2 txyUzzz + 6 txzUyyy − 2 txzUyzz + 6 ty
2Uxyz − 6 tyzUxyy − 2 tyzUxzz + 2 tz
2Uxyz
−3 xy2Uyz + 3 xyzUyy + xyzUzz − xz
2Uyz + 3 y
3Uxz − 3 y
2zUxy − yz
2Uxz + z
3Uxy + 16 t
2Uxyz
−8 txUyz + 16 tyUxz
Q391 = −xy
2Uyzz + 2 xyzUyyz − xz
2Uyyy + y
3Uxzz − 2 y
2zUxyz + yz
2Uxyy − 4 txUyzz + 4 tyUxzz + xyUyy
−xyUzz − y
2Uxy + z
2Uxy
(3.29)
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Q392 = −2 xyzUyzz + xz
2Uyyz − y
2zUxzz + 2 yz
2Uxyz − z
3Uxyy − 4 txUyyz + 2 txUzzz + 4 tyUxyz − 2 tzUxzz
−3 xyUyz + y
2Uzzz + 3 yzUxy
Q393 = −xyUzzz + xzUyzz + yzUxzz − z
2Uxyz + zUxy
Q394 = −2 xyUyzz + 2 xzUyyz + y
2Uxzz − z
2Uxyy + 2 tUxzz + yUxy
Q395 = Uxy
Q396 = −2 txUxzz + 2 tzUxxz − x
2Uzz + xzUxz − 2 tUzz
Q397 = −2 txUxyz + 2 tyUxxz − 2 tyUzzz + 2 tzUyzz − x
2Uyz + xyUxz − yzUzz + z
2Uyz
Q398 = −x
2Uyyz + 2 xyUxyz − y
2Uxxz + y
2Uzzz − 2 yzUyzz + z
2Uyyz + 2 tUzzz + xUxz
Q399 = −2 txUyyz + 2 tyUxyz − xyUyz + y
2Uxz + 2 tUxz
Q3100 = 2 txUyyz − 2 txUzzz − 2 tyUxyz + 2 tzUxzz + xyUyz − xzUzz − y
2Uxz + z
2Uxz
Q3101 = −2 txUyzz + 2 tzUxyz − xyUzz + yzUxz
Q3102 = 2 tUxzz + zUxz
Q3103 = −xyUzzz + xzUyzz + yzUxzz − z
2Uxyz + yUxz
Q3104 = Uxz
Q3105 = 2 ty
2Uyzz − 4 tyzUyyz + 2 tz
2Uyyy + y
3Uzz − 2 y
2zUyz + yz
2Uyy + 4 t
2Uyyy + 4 t
2Uyzz + 2 tyUyy
+6 tyUzz − 4 tzUyz
Q3106 = y
3Uzzz − 3 y
2zUyzz + 3 yz
2Uyyz − z
3Uyyy − 3 y
2Uyz + 3 yzUyy − 3 yzUzz + 3 z
2Uyz
Q3107 = −y
2Uyzz + 2 yzUyyz − z
2Uyyy − 2 tUyzz + yUyy
Q3108 = 2 ty
2Uxzz − 4 tyzUxyz + 2 tz
2Uxyy + xy
2Uzz − 2 xyzUyz + xz
2Uyy + 4 t
2Uxyy + 4 t
2Uxzz + 2 txUyy
+2 txUzz
Q3109 = 2 ty
2Uzzz − 4 tyzUyzz + 2 tz
2Uyyz + y
2zUzz − 2 yz
2Uyz + z
3Uyy + 4 t
2Uyyz + 4 t
2Uzzz − 4 tyUyz
+6 tzUyy + 2 tzUzz
Q3110 = −4 tyUyzz + 4 tzUyyz − y
2Uzz + z
2Uyy + 2 tUyy − 2 tUzz
Q3111 = xy
2Uzzz − 2 xyzUyzz + xz
2Uyyz − y
2zUxzz + 2 yz
2Uxyz − z
3Uxyy + 2 txUyyz + 2 txUzzz − 2 tyUxyz
−2 tzUxzz − 3 xyUyz + 3 xzUyy
Q3112 = −2 xyUyzz + 2 xzUyyz + y
2Uxzz − z
2Uxyy + 2 tUxzz + xUyy
Q3113 = −y
2Uzzz + 2 yzUyzz − z
2Uyyz − 2 tUzzz + zUyy
Q3114 = Uyy
Q3115 = −2 tyUzzz + 2 tzUyzz − yzUzz + z
2Uyz + 2 tUyz
Q3116 = −2 tyUyzz + 2 tzUyyz − y
2Uzz + yzUyz − 2 tUzz
Q3117 = −y
2Uzzz + 2 yzUyzz − z
2Uyyz − 2 tUzzz + yUyz
Q3118 = −2 tyUxzz + 2 tzUxyz − xyUzz + xzUyz
Q3119 = 2 tUyzz + zUyz
(3.30)
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Q3120 = −xyUzzz + xzUyzz + yzUxzz − z
2Uxyz + xUyz
Q3121 = Uyz
Q3122 = 2 tUzzz + zUzz
Q3123 = 2 tUxzz + xUzz
Q3124 = 2 tUyzz + yUzz
Q3125 = Uzz
Q3126 = −3 x
3Uyyz + 6 x
2yUxyz + 3 x
2zUxyy − 3 xy
2Uxxz + xy
2Uzzz − 6 xyzUxxy − 2 xyzUyzz + xz
2Uyyz
+3 y2zUxxx − y
2zUxzz + 2 yz
2Uxyz − z
3Uxyy − 6 txUxxz − 16 txUyyz + 2 txUzzz + 16 tyUxyz+
6 tzUxxx − 2 tzUxzz
Q3127 = −x
3Uyyy + 3 x
2yUxyy − 3 xy
2Uxxy + 3 xy
2Uyzz − 6 xyzUyyz + 3 xz
2Uyyy + y
3Uxxx − 3 y
3Uxzz
+6 y2zUxyz − 3 yz
2Uxyy − 6 txUxxy + 6 txUyzz + 6 tyUxxx − 18 tyUxzz + 12 tzUxyz
Q3128 = x
2Uxyy − 2 xyUxxy − 2 xyUyzz + 2 xzUyyz + y
2Uxxx + y
2Uxzz − z
2Uxyy + 2 tUxxx + 2 tUxzz
Q3129 = 3 x
3Uyyz − x
3Uzzz − 6 x
2yUxyz − 3 x
2zUxyy + 3 x
2zUxzz + 3 xy
2Uxxz − xy
2Uzzz + 6 xyzUxxy
+2 xyzUyzz − 3 xz
2Uxxz − xz
2Uyyz − 3 y
2zUxxx + y
2zUxzz − 2 yz
2Uxyz + z
3Uxxx + z
3Uxyy+
16 txUyyz − 8 txUzzz − 16 tyUxyz + 8 tzUxzz
Q3130 = x
3Uyyy − 3 x
3Uyzz − 3 x
2yUxyy + 3 x
2yUxzz + 6 x
2zUxyz + 3 xy
2Uxxy − 3 xy
2Uyzz − 6 xyzUxxz
+6 xyzUyyz − 3 xz
2Uxxy − 3 xz
2Uyyy − y
3Uxxx + 3 y
3Uxzz − 6 y
2zUxyz + 3 yz
2Uxxx + 3 yz
2Uxyy
−24 txUyzz + 24 tyUxzz
Q3131 = −x
2Uxyy + x
2Uxzz + 2 xyUxxy + 2 xyUyzz − 2 xzUxxz − 2 xzUyyz − y
2Uxxx − y
2Uxzz + z
2Uxxx
+z2Uxyy
Q3132 = x
2Uxyz − xyUxxz − xyUzzz − xzUxxy + xzUyzz + yzUxxx + yzUxzz − z
2Uxyz
Q3133 = −xUxxz + zUxxx
Q3134 = −xUxxy + yUxxx
Q3135 = Uxxx
Q3136 = −x
2yUyzz + x
2zUyyz + xy
2Uxzz − xz
2Uxyy − y
2zUxxz + yz
2Uxxy − 2 txUxyy + 2 txUxzz + 2 tyUxxy
−2 tyUyzz − 2 tzUxxz + 2 tzUyyz
Q3137 = −3 x
2yUyyz + 3 x
2zUyyy + 6 xy
2Uxyz − 6 xyzUxyy − 3 y
3Uxxz + y
3Uzzz + 3 y
2zUxxy
−3 y2zUyzz + 3 yz
2Uyyz − z
3Uyyy + 12 txUxyz − 18 tyUxxz + 6 tyUzzz + 6 tzUxxy − 6 tzUyzz
Q3138 = x
2Uyyy − 2 xyUxyy + y
2Uxxy − y
2Uyzz + 2 yzUyyz − z
2Uyyy + 2 tUxxy − 2 tUyzz
Q3139 = 3 x
2yUyyz − x
2yUzzz − 3 x
2zUyyy + x
2zUyzz − 6 xy
2Uxyz + 6 xyzUxyy + 2 xyzUxzz − 2 xz
2Uxyz
+3 y3Uxxz − y
3Uzzz − 3 y
2zUxxy + 3 y
2zUyzz − yz
2Uxxz − 3 yz
2Uyyz + z
3Uxxy + z
3Uyyy − 16 txUxyz
+16 tyUxxz − 8 tyUzzz + 8 tzUyzz
Q3140 = −x
2Uyyy + x
2Uyzz + 2 xyUxyy − 2 xzUxyz − y
2Uxxy + y
2Uyzz − 2 yzUyyz + z
2Uxxy + z
2Uyyy + 4 tUyzz
(3.31)
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Q3141 = x
2Uyyz − xyUxyz − xzUxyy − y
2Uzzz + yzUxxy + 2 yzUyzz − z
2Uyyz − 2 tUzzz
Q3142 = −xUxyz + zUxxy
Q3143 = −xUxyy + yUxxy
Q3144 = Uxxy
Q3145 = x
2Uyyz − 2 xyUxyz + y
2Uxxz − y
2Uzzz + 2 yzUyzz − z
2Uyyz + 2 tUxxz − 2 tUzzz
Q3146 = −x
2Uyyz + x
2Uzzz + 2 xyUxyz − 2 xzUxzz − y
2Uxxz + y
2Uzzz − 2 yzUyzz + z
2Uxxz + z
2Uyyz + 4 tUzzz
Q3147 = x
2Uyzz − xyUxzz − xzUxyz + yzUxxz + 2 tUyzz
Q3148 = −xUxzz + zUxxz
Q3149 = −xUxyz + yUxxz
Q3150 = Uxxz
Q3151 = −xy
2Uyzz + 2 xyzUyyz − xz
2Uyyy + y
3Uxzz − 2 y
2zUxyz + yz
2Uxyy − 2 txUyyy − 2 txUyzz + 2 tyUxyy
+6 tyUxzz − 4 tzUxyz
Q3152 = xyUyyz + xyUzzz − xzUyyy − xzUyzz − y
2Uxyz + yzUxyy − yzUxzz + z
2Uxyz
Q3153 = −xUyyy + yUxyy
Q3154 = −xy
2Uzzz + 2 xyzUyzz − xz
2Uyyz + y
2zUxzz − 2 yz
2Uxyz + z
3Uxyy − 2 txUyyz − 2 txUzzz − 4 tyUxyz
+6 tzUxyy + 2 tzUxzz
Q3155 = 2 xyUyzz − 2 xzUyyz − y
2Uxzz + z
2Uxyy + 2 tUxyy − 2 tUxzz
Q3156 = −xUyyz + zUxyy
Q3157 = Uxyy
Q3158 = xyUzzz − xzUyzz − yzUxzz + z
2Uxyz + 2 tUxyz
Q3159 = xyUyzz − xzUyyz − y
2Uxzz + yzUxyz − 2 tUxzz
Q3160 = −xUyyz + yUxyz
Q3161 = −xUyzz + Uxyz z
Q3162 = Uxyz
Q3163 = −xUzzz + zUxzz
Q3164 = −xUyzz + yUxzz
Q3165 = Uxzz
Q3166 = −y
3Uzzz + 3 y
2zUyzz − 3 yz
2Uyyz + z
3Uyyy − 6 tyUyyz − 6 tyUzzz + 6 tzUyyy + 6 tzUyzz
Q3167 = y
2Uyzz − 2 yzUyyz + z
2Uyyy + 2 tUyyy + 2 tUyzz
Q3168 = −yUyyz + zUyyy
Q3169 = Uyyy
(3.32)
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Q3170 = y
2Uzzz − 2 yzUyzz + z
2Uyyz + 2 tUyyz + 2 tUzzz
Q3171 = −yUyzz + zUyyz
Q3172 = Uyyz
Q3173 = −yUzzz + zUyzz
Q3174 = Uyzz
Q3175 = Uzzz
(3.33)
4 Basis for conservation law
The linear diffusion equation (1.5), viz. Ut = Uxx + Uyy + Uzz has an obvious conserved vector T
with components namely
T 1 = −u, T 2 = ux, T
3 = uy, T
4 = uz (4.34)
We can generate an infinite set of conservation law associated to (1.5). We firstly determine the
point symmetry associated with (4.34). To that end, we utilise the condition (1.4). This yield, for
T 1, T 2, T 3 and T 4 respectively, the following symmetries
X4 = −x∂y + y∂x
X5 = −x∂z + z∂y
X6 = ∂x
X7 = −y∂z + z∂y
X8 = ∂y
X9 = ∂z
X11 = ∂t
(4.35)
In fact {X4, X5,X6,X7,X8,X9,X11} form a subalgebra of the Lie algebra (2.7). The remaining set
of symmetries is {X1,X2,X3,X10,X12,X13} which can be used to generate new non trivial conserved
vectors.
In (2.7) we see that
[X1,X7] = [X2,X5] = [X3,X4] = [X4,X10] = [X4,X12] = [X4,X13] = 0
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By virtue of theorem 1.1 none of them can generate a non trivial conserved vector.
The conserved vector T with components given in (4.34) is the only basis for the conservation law
with respect to the group G of transformations corresponding to (2.6). In this equivalence class,
we can generate infinite many conservation laws by applying successively the symmetries found in
Section 2.
Eg. Uxx∂U is a second order generalized symmetry for the equation (1.5).
By (1.3),
T¯ 1 = −Uxx, T¯
2 = Uxxx, T¯
3 = Uxxy, T¯
4 = Uxxz are components of a conserved vector of
(1.1). In fact
Dt(−Uxx) +Dx(Uxxx) +Dy(Uxxy) +D(Uxxz)|Ut=Uxx+Uyy+Uzz = 0
5 Conclusion
Even if though, we were able to use the invariance condition to construct the basis of generalized
symmetries in characteristic form up to third order. The results matches with our predictions using
the formula found in Section 2. We also showed that the linear diffusion equation (1.5) has infinite
many conservation laws in one equivalence class with respect to the group G of the equation (1.5).
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